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a b s t r a c t

This study looks at MHD natural convection flow and heat transfer in a laterally heated enclosure with an
off-centred partition. Governing equations in the form of vorticity–stream function formulation are
solved using the polynomial differential quadrature (PDQ) method. Numerical results are obtained for
various values of the partition location, Rayleigh, Prandtl and Hartmann numbers. The results indicate
that magnetic field significantly suppresses flow, and thus heat transfer, especially for high Rayleigh
number values. The results also show that the x-directional magnetic field is more effective in damping
convection than the y-directional magnetic field, and the average heat transfer rate decreases with an
increase in the distance of the partition from the hot wall. The average heat transfer rate decreases up to
80% if the partition is placed at the midpoint and an x-directional magnetic field is applied. The results
also show that flow and heat transfer have little dependence on the Prandtl number.

� 2009 Elsevier Masson SAS. All rights reserved.
1. Introduction

In many practical cases, enclosures with vertical partitions are
used to modify heat transfer, and various numerical and experi-
mental studies have been performed on this subject. In these
studies, the effects of various geometrical and transport parame-
ters such as aspect ratio, location of partition, inclination angle,
and Rayleigh and Prandtl numbers on flow and heat transfer were
examined. Anderson and Bejan [1] studied enclosures with single
and double partitions theoretically and experimentally and
obtained a correlation for heat transfer between the two ends of
the enclosure. Ho and Yih [2] performed a numerical study of
natural convection in an air-filled partitioned enclosure and
concluded that the heat transfer rate is considerably attenuated in
a partitioned enclosure relative to a non-partitioned enclosure.
Tong and Gerner [3] observed that placing a partition midway
between the vertical walls of an enclosure produces the greatest
reduction in heat transfer. In another study, Dzodzo and Pavlovic
[4] found that with a centred vertical partition, convective heat
transfer could be reduced up to 64%. Elsherbiny et al. [5] found
that the thermal boundary conditions at the end walls influence
the effects of partitions in reducing the heat transfer rate across
the enclosure. In their study, Acharya and Tsang [6] observed that
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the inclination angle has a strong influence on the magnitude of
the maximum Nusselt number. Kahveci [7,8] found that the
average Nusselt number decreases with increasing distance
between the hot wall and the partition. Furthermore, he observed
that with a decrease in the thermal resistance of the partition, the
average Nusselt number shows an increasing trend, a peak point is
detected, and then the average Nusselt number begins to decrease
asymptotically to a constant value. Kahveci [7,8] also observed
that the average heat transfer rate exhibits little dependence on
the width of the partition. In another study, Kahveci [9] found that
with increasing aspect ratio, heat transfer shows an increasing
trend and reaches a maximum value. Beyond this maximum point,
the trend reverses to decrease with further increases in aspect
ratio.

As can be seen, previous studies have generally examined
natural convection in the absence of a magnetic field. However,
natural convection under the influence of a magnetic field is of
great importance in many industrial applications such as crystal
growth, metal casting and liquid metal cooling blankets for fusion
reactors. In one of the limited numbers of studies on this subject,
Kahveci and Öztuna [10] investigated the magnetohydrodynamic
flow and heat transfer in a tilted enclosure with a centred
partition and found that for high Rayleigh numbers, the average
Nusselt number shows an increasing trend as the inclination
angle increases and a peak value is detected. Beyond the peak
point, the trend reverses to decrease with further increases in the
inclination angle. The results of this study also show that the
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Nomenclature

a first-order weighting coefficient
B magnetic induction
b second-order weighting coefficient
g gravitational acceleration
H enclosure height
Ha Hartmann number
i, j grid point indices
L enclosure width
[ length
Nx grid number along x direction
Ny grid number along y direction
Nu Nusselt number
Pr Prandtl number
p pressure
Ra Rayleigh number
T temperature
U velocity
u, v velocity components in x, y directions
w width of the partition
x, y coordinates
a thermal diffusivity
b thermal coefficient of volume expansion
d ratio of magnetic field strengths of x and y directions

F dependent variable
f inclination angle
y kinematic viscosity
h outward variable normal to the surface
r density
s electrical conductivity of the fluid
u vorticity
j stream function

Subscripts
a average
C cold
H hot
p partition
x x-direction
y y-direction

Superscripts
* dimensional quantities
m current iteration
þ right face of partition
� left face of partition

Overlines
– in y direction
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Prandtl number has only a marginal effect on the flow and heat
transfer.

In this study, MHD natural convection flow and heat transfer
in a vertical enclosure with an off-centred partition were inves-
tigated numerically using the polynomial differential quadrature
(PDQ) method [11–13]. The PDQ method is an efficient dis-
cretisation technique used to obtain accurate numerical solutions
using a smaller number of grid points than with low-order
methods such as finite-difference, finite element and finite
volume methods.

2. Mathematical formulation

A schematic of the system with the coordinates and boundary
conditions is shown in Fig. 1. The square enclosure with a partition
is bounded by two isothermal vertical walls at temperatures TH and
TC and by two horizontal adiabatic walls.

The dimensionless variables are defined as follows:

x ¼ x*

L
; y ¼ y*

L
; u ¼ u*

a=L
; v ¼ v*

a=L
;

p ¼ L2

roa2

�
p* þ rogy*

�
; T ¼ T* � TC

TH � TC
(1)

where u* and v* are the dimensional velocity components, p* is the
dimensional pressure, T* is the dimensional temperature, ro is the
fluid density at temperature TC and a is the thermal diffusivity of
the fluid.

The flow is considered to be steady, two dimensional and
laminar. Neglecting displacement currents, induced magnetic field,
dissipation and Joule heating, and using the Boussinesq approxi-
mation, the following governing equations can be obtained in the
non-dimensional stream function–vorticity form:
v2j
2 þ

v2j
2 ¼ �u (2)
vx vy

u
vu

vx
þ v

vu

vy
¼ Pr

 
v2u

vx2
þ v2u

vy2

!
þ Ra Pr

vT
vx
þ Ha2Pr

�
d
vu
vx
� vv

vx

þd2vu
vy
� d

vv

vy

�
; d ¼ By=Bx (3a)

or

u
vu

vx
þ v

vu

vy
¼ Pr

 
v2u

vx2 þ
v2u

vy2

!
þ Ra Pr

vT
vx
þ Ha2Pr

�
d2vu

vx
� d

vv

vx

þd
vu
vy
� vv

vy

�
; d ¼ Bx=By (3b)

u
vT
vx
þ v

vT
vy
¼ v2T

vx2 þ
v2T
vy2 (4)

Two equations are given for the vorticity transport equation.
Equation (3a) stands for the x-directional magnetic field case
(By¼ 0), and equation (3b) stands for the y-directional magnetic
field case (Bx¼ 0). In these equations, the Prandtl, Rayleigh and
Hartmann numbers are defined as:

Pr ¼ y

a
; Ra ¼ gbL3DT*

ya
; Ha ¼ LBx

ffiffiffi
s

m

r
ðfor eq:3aÞ;

Ha ¼ LBy

ffiffiffi
s

m

r
ðfor eq:3bÞ (5)

where g is the gravitational acceleration, b is the coefficient of
thermal expansion and y is the kinematic viscosity of the fluid, B is
the magnetic induction and s is electric conductivity.

The boundary conditions for the problem are:



Table 1
Grid independency test.

Mesh size Nua jjjmax

18� 18 4.25 11.6
22� 22 4.28 11.8
26� 26 4.32 11.8
30� 30 4.32 11.8

w=0

xp

L

H=L

Adiabatic Wall

Adiabatic Wall

TH TC

x, u

y, v

∂T / ∂y = 0

∂T / ∂y = 0

g

B

Fig. 1. Geometry and the coordinate system.

Table 2
Validation of the numerical code for a non-partitioned enclosure case.

Ra¼ 104 Ra¼ 105 Ra¼ 106

Vahl Davis Present Vahl Davis Present Vahl Davis Present

jjjmax – 5.07 9.61 9.58 16.75 16.76
Nua 2.24 2.24 4.52 4.52 8.80 8.82
Numax 3.53 3.53 7.72 7.71 17.93 17.53
Numin 0.59 0.59 0.73 0.73 0.99 0.98
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jðx;0Þ¼0; j
�
xp;y

�
¼0; jðx;1Þ¼0; jð0;yÞ¼0; jð1;yÞ¼0 (6)

vT
vy
j
x;0
¼ 0; T

�
x�p ;y

�
¼ T

�
xþp ;y

�
;

vT
vx
j
x�p ;1
¼ vT

vx
j
xþp ;1

;
vT
vy
j
x;1

¼ 0;
vT
vx
j
0;y
¼ �1; Tð0;yÞ ¼ 1; Tð1;yÞ ¼ 0 (7)

Physically, there is no boundary condition for the vorticity. But
an expression can be written from Taylor series expansion of the
stream function equation as uwall¼�v2j/vh2, where h is the
outward variable normal to the surface [14].

3. Results and discussions

Because equations (2–4) are coupled and non-linear partial
differential equations, they are solved numerically. The governing
equations discretised by employing the PDQ method become as
follows:

XNx

k¼0

bi;kjk;j þ
XNy

k¼0

bj;kji;k ¼ �ui;j (8)

XNy

k¼0

aj;kji;k
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k¼0
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¼ Ra Pr
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ai;kTk;j

#
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#

þHa2Prð1þ dÞ
"XNx
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XNy
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#
ðEq: 3aÞ (9a)
XNy

k¼0

aj;kji;k

XNx

k¼0

ai;kuk;j �
XNx

k¼0

ai;kjk;j

XNy

k¼0

aj;kui;k

¼ Ra Pr

"XNx

k¼0

ai;kTk;j

#
þ Pr

"XNx

k¼0

bi;kuk;j þ
XNy

k¼0

bj;kui;k

#

þHa2Prð1þ dÞ
"

d
XNx

k¼0

bi;kjk;j þ
XNy

k¼0

bj;kji;k

#
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k¼0

aj;kji;k

XNx

k¼0

ai;kTk;j �
XNx

k¼0

ai;kjk;j

XNy

k¼0

aj;kTi;k
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"XNx

k¼0

bi;kTk;j þ
XNy

k¼0

bj;kTi;k

#
(10)

where the indices i and j indicate a grid point, and Nx and Ny

represent the total number of grid points in x and y directions,
respectively. The following non-uniform grid distribution was
adapted to the present study:

xi ¼
1
2

	
1� cos

�
i

Nx
p
�

; i ¼ 0;1;2; .; Nx yj

¼ 1
2

	
1� cos

�
j

Ny
p
�

; j ¼ 0;1;2; .; Ny (11)

The points in this grid system are more closely spaced in regions
near the walls where the higher velocity and temperature gradients
are expected to develop. After discretisation by the PDQ method,
the governing equations (8–10) were solved by the successive over-
relaxation (SOR) iteration method. To ensure convergence of the
numerical algorithm, the criterion jFm

i;j � Fmþ1
i;j j < 10�5 was applied

to all dependent variables over the solution domain where F

represents a dependent variable (u, j, T) and the index m indicates
the current iteration.

A series of grid systems of up to 30� 30 points were employed
to obtain a grid-independent mesh size. The results suggest that
when the mesh size is above 26� 26, the computed jjjmax, and Nua

remain the same. The results in the case of xp¼ 0.5, Ra¼ 106, Pr¼ 1
and Ha¼ 0 are shown in Table 1. Based on this observation; a non-
uniform grid of 30� 30 points was used in this study.

To validate the numerical code, the solutions obtained for a non-
partitioned square enclosure with the PDQ method for a grid size of
30� 30 have also been compared with the benchmark results
obtained by de Vahl Davis [15] through a standard finite-difference



-2

-2

-2
-2

-2

-4

-4

-4
-4

-4

-6

-6

-6

-6

-8

-8

-8

-8

-10

-10

-10

-10
-12

-12-12

-10

-6
-2

0

0

-2
-2

-2

-2

-2

-4

-4

-4

-4

-6

-6

-6

-6

-8

-8

-8

-10

-10-10

-8

-4-2

0

0

-1

-1

-1

-1

-1

-2
-2

-2

-2

-2

-3

-3

-3

-3

-4

-4

-4

-4

-5

-5

-5

-5

-6

-6

-6

-7

-7
-7

-6-5

-3

-1

0

0

-1

-1

-1

-1

-1

-2

-2

-2

-2

-3

-3

-3

-4

-4

-4

-3

-2

0

0

0,2

0,2

0,2

0,1

0,1

0,4

0,4

0,4

0,3

0,3

0,3

0,5

0,5

0,5

0,6

0,6

0,7

0,7

0,8

0,8

0,9

0,9

0,2

0,2

0,2

0,1

0,1

0,3

0,3

0,30,4

0,4

0,40,5

0,5

0,5

0,6

0,6

0,7

0,7

0,8

0,8

0,9

0,9

0,2

0,2

0,1

0,1
0,3

0,3

0,4

0,4

0,5

0,5

0,6

0,6

0,7

0,7

0,30,8

0,8

0,40,9

0,9

0,2

0,2

0,1

0,1

0,4

0,4

0,3

0,3
0,5

0,5

0,6

0,6

0,7

0,7

0,8

0,8

0,9

0,9

-2

-2

-2
-2

-2

-4

-4

-4
-4

-4

-6

-6

-6

-6

-8

-8

-8

-8

-10

-10

-10

-10
-12

-12-12

-10

-6
-2

0

0

-2
-2

-2

-2

-2

-4 -4

-4

-4

-4

-6

-6

-6

-6

-8

-8

-8

-8

-10

-10

-12

-10

-6

-2

0

0

-2

-2

-2

-2

-4

-4

-4

-4

-6

-6

-6

-6

-8

-8

-8

-4-2

0

0

-1
-1

-1

-1

-1

-2

-2

-2

-2

-2

-3
-3

-3

-3

-4

-4

-4

-5

-5

-6
-5

-4

-1

0

0

0,2

0,2

0,2

0,1

0,1

0,4

0,4

0,4

0,3

0,3

0,3

0,5

0,5

0,5

0,6

0,6

0,7

0,7

0,8

0,8

0,9

0,9

0,2

0,2

0,2

0,1

0,1

0,3

0,3

0,3

0,4

0,4

0,4

0,5

0,5

0,5

0,6

0,6

0,7

0,7

0,8

0,8

0,9

0,9

0,3

0,3

0,2

0,20,1

0,1

0,4

0,4

0,5

0,5

0,6

0,6

0,7

0,7

0,8

0,8

0,9

0,9

0,3

0,3

0,2

0,2

0,1

0,1

0,4

0,4

0,5

0,5

0,6

0,6

0,7

0,7
0,8

0,8
0,9

0,9

x-directional magnetic field

a Ha=0 b Ha=25 c Ha=50 d Ha=100

y-directional magnetic field 

a Ha=0 b Ha=25 c Ha=50 d Ha=100

Fig. 2. Streamlines and isotherms for xp¼ 0.1, Ra¼ 106 and Pr¼ 1.
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method for grids up to 80� 80 (see Table 2). Maximum deviation
for the Nua and jjjmax have been found to be within 0.3%.

Computations were carried out for partition locations between
0.1 and 0.5, Rayleigh numbers between 104 and 106, Prandtl
numbers between 0.1 and 10 and Hartmann numbers between
0 and 100. The numerical code did not converge for values of the
Rayleigh number higher than 106. This is because the flow regime
gradually becomes turbulent and hence unsteady for Ra> 106 [16].
Therefore, 106 has been chosen as upper limit for the Rayleigh
number to obtain a laminar steady solution.

The buoyancy driven flow and temperature fields inside the
enclosure are given by means of streamlines and isotherms in Figs. 2–4
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Fig. 3. Streamlines and isotherms for xp¼ 0.3, Ra¼ 106 and Pr¼ 1.
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for horizontally and vertically oriented magnetic fields. As may be
observed, the flow patterns on both regions of the enclosure are
single-cellular. In addition, a boundary layer flow regime exists in the
flow fields. This is clear from increasing steepness of the velocity and
temperature profiles near the walls, as well as the existence of
a plateau in the core regions on either side of the partition. As the
Hartmann number is increased, circulation strength decreases
considerably. However, with increasing Hartmann number, centres of
the circulation cells are shifted toward the regions where the devel-
opment of the boundary layers starts (in the lower and upper corners
of the left and right regions of the enclosure, respectively). This is
mainly because the positions of the circulation centres are dependent
on the thickness of the boundary layers. For high values of Hartmann
numbers, the thicknesses of the boundary layers are larger because of
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Fig. 4. Streamlines and isotherms for xp¼ 0.5, Ra¼ 106 and Pr¼ 1.
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the higher retarding effect of magnetic field on circulation,
and, therefore, the circulation centres become closer to the regions
where the development of the boundary layers starts. It may also
be observed from Figs. 2–4 that with decreasing distance between the
partition and the hot wall, convective circulation weakens in the
smaller zone. This is clear from nearly parallel isotherms to the vertical
walls in the smaller zone. Conversely, convective circulation
strengthens in the bigger zone with decreasing distance between hot
wall and partition.

The local Nusselt number along the hot surface of the enclosure
is presented in Fig. 5. The Nusselt number attains its maximum
value close to the leading edge of the hot surface and decreases in
the direction of increasing y. This is expected, since the leading edge
of the hot surface is washed by fluid cooled by the partition.
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Temperature of the fluid moving up the hot surface increases, and,
therefore, the local heat transfer rate decreases along the hot
surface. For the low Rayleigh numbers, heat transfer rate is almost
constant because of the dominant conduction regime. As convec-
tion becomes stronger with increasing Ra, heat transfer rate shows
an increasing trend. Because of the retarding effect of magnetic
field on flow and therefore on convection, the local Nusselt number
decreases significantly under the influence of magnetic field. It may
also be observed from the results that the x-directional magnetic
field yields lower local Nusselt numbers than those for the y-
directional magnetic field, because the main flow and the retarding
effect of x-directional magnetic field on flow are in the y direction.
As the partition diverges from the hot wall, the local Nusselt
number represents sharper changes due to gradually strengthening
circulation in the left zone and takes lower values for most parts of
the hot wall due to gradually weakening circulation in the right
zone, which dominates flow and heat transfer in the enclosure.
Variation of the average Nusselt number with the Rayleigh
and Prandtl numbers is shown in Fig. 6 for various values of
partition location and magnetic field strength. As can be seen,
damping is highest for higher strengths of the magnetic field.
However, the maximum decrease is for Ra¼ 105, especially for
low values of the Hartmann number. This is mainly because of
the convection strength. For low Rayleigh numbers, convection is
weak; hence the retarding effect of the magnetic field has little
impact. On the other hand, for high values of the Rayleigh
number convection intensity is rather high and magnetic field
strength remains relatively weak in retarding the flow. Because
buoyancy force is in the same order with Lorentz force for
modest levels of the Rayleigh number, the magnetic field
suppresses flow more with increasing magnetic field strength
and causes higher decreases in the average Nusselt number. As
the partition moves away from the hot wall, convection intensity
weakens on the right region, which is more effective on flow and
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heat transfer. Therefore, average heat transfer rate takes lower
values and magnetic field intensity becomes more effective on
flow and heat transfer. Consequently, the average Nusselt number
decreases more with increasing Ha number, especially for high
values of the Ra number. The effect of the partition location on
natural convection weakens as the partition approaches the
centre of the enclosure. The x-directional magnetic field retards
the flow in the y direction, which is the main flow direction;
therefore, the x-directional magnetic field is more effective in
weakening convection. The numerical calculations show that the
average heat transfer rate decreases up to 80% in the range of
parameters taken into consideration in this study if a centred
partition is used in the enclosure and an x-directional magnetic
field is applied. Hence, it can be concluded that the most effective
way to reduce heat transfer in an enclosure is to use a centrally
located partition that is under an x-directional magnetic field. It
may also be observed from Fig. 6 that the average Nusselt
number increases little with increasing Prandtl number. The main
cause of the increase in the average Nusselt number with the
Prandtl number is that the thermal boundary layer is embedded
in the momentum boundary layer and becomes relatively thinner
with increasing Prandtl number.
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Various correlations for the average Nusselt number are avail-
able in the literature for the partitioned enclosures in the absence
of a magnetic field. A correlation for the average Nusselt number
based on the experimental results of Anderson and Bejan [1] is
given as Nua¼ 0.201Ra0.276(Nþ 1)�1/4. Here N is the partition
number. Another correlation is given by Nishimura et al. [17] as
Nua¼ 0.297Ra1/4(Nþ 1)�1. The comparison of the results with the
aforementioned studies for the average Nusselt number is pre-
sented in Fig. 7 along with the values of the average Nusselt number
for the x-directional magnetic field. It may be observed from Fig. 6
that the numerical results for the average Nusselt number are in
good agreement with those of the correlations.

4. Conclusion

The buoyancy-driven magnetohydrodynamic flow in a laterally
heated enclosure with a thermally active off-centred partition has
been investigated numerically by the PDQ method. The effects of
magnetic field as well as the partition location and Rayleigh and
Prandtl numbers on flow and heat transfer have been examined.
Two different orientations of the magnetic field, x-directional and y
directional, were taken into account in the calculations. The results
show that the magnetic field suppresses flow, and hence heat
transfer, significantly, especially for high values of the Rayleigh
number. The results also show that the x-directional magnetic field
is more effective in damping convection than the y-directional
magnetic field, and the average heat transfer rate decreases with an
increase in the distance of the partition from the hot wall. The
average heat transfer rate decreases up to 80% if a centred partition
is used and an x-directional magnetic field is applied. The compu-
tations also show that the Prandtl number has little effect on flow
and heat transfer.
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[10] K. Kahveci, S. Öztuna, A differential quadrature solution of MHD natural
convection in an inclined enclosure with a partition, ASME Journal of Fluids
Engineering 130 (2008) 021102.

[11] C. Shu, Differential Quadrature and its Application in Engineering, Springer-
Verlag, 2000.

[12] R.E. Belman, B.G. Kashef, J. Casti, Differential quadrature: a technique fort he
rapid solution of nonlinear partial differential equations, Journal of Compu-
tational Physics 10 (1972) 40–52.

[13] C. Shu, Generalised differential-integral quadrature and application to the
simulation of incompressible viscous flows including parallel computation,
Ph.D thesis, University of Glasgow, 1992.

[14] D. Elkaim, M. Reggio, R. Camarero, Simulating two-dimensional turbulent flow
by using k–3 model and the vorticity–stream function formulation, Interna-
tional Journal of Numerical Methods in Fluids 14 (1992) 961–980.

[15] G. de Vahl Davis, Natural convection in a square cavity, International Journal of
Numerical Methods Fluids 3 (1983) 249–264.

[16] N.C. Markatos, K.A. Pericleous, Laminar and turbulent natural convection in an
enclosed cavity, International Journal of Heat and Mass Transfer 27 (5) (1984)
755–772.

[17] T. Nishimura, M. Shiraishi, F. Nagasawa, Y. Kawamura, Natural convection heat
transfer in enclosures with multiple vertical partitions, International Journal of
Heat and Mass Transfer 31 (1998) 1679–1698.


	MHD natural convection flow and heat transfer in a laterally heated partitioned enclosure
	Introduction
	Mathematical formulation
	Results and discussions
	Conclusion
	References


